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Conformal anomalies for higher derivative
free critical p–forms on even spheres
J.S.Dowker1
Theory Group,
School of Physics and Astronomy,
The University of Manchester,
Manchester, England
The conformal anomaly is computed on even d–spheres for a p–form
propagating according to the Branson–Gover higher derivative, con-
formally covariant operators. The system is set up on a q–deformed
sphere and the conformal anomaly is computed as a rational function
of the derivative order, 2k, and of q. The anomaly is shown to be an
extremum at the round sphere (q = 1) only for k < d/2. At these inte-
ger values, therefore, the entanglement entropy is minus the conformal
anomaly, as usual.
The unconstrained p–form conformal anomaly on the full sphere is
shown to be given by an integral over the Plancherel measure for a
coexact form on hyperbolic space in one dimension higher.
A natural ghost sum is constructed and leads to quantities which,
for critical forms, i.e. when 2k = d − 2p, are, remarkably, a simple
combination of standard quantities, for usual second order, k = 1,
propagation, when these are available. Our values coincide with a
recent hyperbolic computation of David and Mukherjee.
Values are suggested for the Casimir energy on the Einstein cylinder
from the behaviour of the conformal anomaly as q → 0 and compared
with known results.
1dowkeruk@yahoo.co.uk
1. Introduction
In earlier works, [1], I discussed the construction of the (one loop) effective
actions for higher derivative scalars and spinors using the spherical product forms
of the GJMS–type propagation operators (kinetic operators) for all even sphere
dimensions.
Working in even dimensions, the interest was in calculating the coefficient of the
logarithmic (or divergent) term in the effective action (‘free energy’). Technically
this amounted to evaluating the relevant ζ–function at 0.
For p–forms at that time, [2], I was able only to discuss second order operators
owing to the lack of ( knowledge of) a conformal higher derivative GJMS–type
operator. I now propose to take the Branson–Gover operators as the appropriate
ones. The genesis of these operators lies in papers by Branson, [3], and developed by
Branson and Gover, [4], but for convenience I will refer to Fischmann and Somberg,
[5], who have a combinatorial approach and a useful set of references.
The mathematical motivation comes from conformal differential geometry which
has been subject to very substantial development. I will, therefore, simply posit the
relevant formulae and proceed to a workaday calculation of the ‘conformal anomaly’.
I would also wish to discuss the formal functional determinant but I leave this for
another time.
I calculate coexact form quantities and combine them to give the unconstrained
form ones. These I assemble into a ‘gauge invariant’ combination, although I give
no detailed field theoretic justification of this.
I will, throughout, refer to a conformal anomaly and an effective action as
shorthand terminology for ∼ ζ(0) and ∼ ζ ′(0) of the field in question.
I work on a q conically deformed sphere which is the d–dimensional periodic
spherical q–lune described in [1] to where I refer for basic explanation.
2. The operators
The construction of the Branson–Gover higher–derivative, conformally covari-
ant operators on a general manifold is somewhat complicated and need not detain
us. However, on conformal Einstein manifolds they have the remarkable property
of being factorisable. For spheres, this has been known for a long time, [3].
Perhaps the reason why the operators have not appeared much in the physics
literature, is that the δd and dδ parts are weighted differently, which seems un-
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naturally different to the de Rham operator but which is necessary for conformal
covariance, [3].
Special amongst the operators are the ‘critical’ ones, where the derivative or-
der, 2k, of the propagation operator is related to the form order, p, and manifold
dimension d by
2k = d− 2p
so that when k = 1 (the usual case), p = d/2 − 1, the conformal value. In odd
dimensions operators exist for all values of the derivative order.
The general operator factorises on Einstein manifolds, at least, but I consider
here only the sphere Sd for even d. Although spectral resolutions exist for the other
manifolds, the sphere will be quite enough to begin with.
Several expressions are given in [5] 2 in Theorems 4.3 and 4.4 corresponding
to various restrictions on the parameters. For example, defining β = d − 2p, an
expression is given in equn.(4.7) (or (38)) in [5] which, for even d, holds only in the
non–supercritical case, i.e. β/2 > k − 1.
I copy it here, choosing a unit d–sphere,
L
(p)
2k =
k−1∏
j=0
[
β + 2j + 2
β + 2j
δd+
β − 2j − 2
β − 2j dδ +
(β
2
− j − 1)(β
2
+ j + 1
)]
. (1)
From this, one can extract the part which acts on the range of δ,R(δ), i.e. on
coexact forms,
L
CE(p)
2k =
(β
2
+ k
) k−1∏
j=0
[
δd+
(β − 1
2
)2 − (j + 1/2)2
]
=
(β
2
+ k
) k−1∏
j=0
(
B2 − (j + 1/2)2) ≡ (β
2
+ k
) k−1∏
0
(
B2 − α2j
)
=
(β
2
+ k
) k−1∏
0
(
B − αj
)(
B + αj
)
, k = 1, 2, . . . ,
(2)
where the pseudo–operator B is defined by, 3,
B =
√
δd+ α2(a, p) ,
2 Note the ArXiv and published versions differ in format.
3 δd is taken to be positive.
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with
α(a, p) = (β − 1)/2 = a− p , a ≡ (d− 1)/2 .
Likewise, acting on R(d), exact forms, the operator turns into
L
E(p)
2k =
(β
2
− k)
k−1∏
j=0
[
dδ +
(β + 1
2
)2 − α2j
]
=
(β
2
− k)
k−1∏
0
(
C2 − α2j
)
=
(β
2
− k)
k−1∏
0
(
C − αj
)(
C + αj
)
, k = 1, 2, . . . ,
(3)
with C =
√
dδ +
(
(β + 1)/2
)2
.
These expressions are given in Branson, [3], Remark (3.30) and I will refer to
them as the Branson operators.
When β = 2k, the exact part disappears algebraically from (1) leaving just the
coexact one. Since we are just at the lower limit of the condition β/2 > k − 1, the
operators have been termed ‘critical’,
L
(p)
d−2p = L
CE(p)
d−2p ,
and could be considered as generalisations of the four dimensional Maxwell operator,
δd. The critical exact operator is the Hodge star dual of the coexact one (p→ d−p).
Critical operators possess important factorisations involving the Q curvature
and the gauge companion, G. It is easily seen from (2) that
L
(p)
2k = 2k δ ◦
k−2∏
j=0
[
dδ +
(β − 1
2
)2 − (j + 1/2)2
]
◦ d , 2k = d− 2p
≡ δ ◦Q(p+1)k−2 ◦ d
≡ δ ◦G(p+1)k−1 .
(4)
I do not use these
When restricted to R(d) or to R(δ) the remaining operators in Theorem 4.4
also reduce to the Branson operators, (2) and (3) which can therefore be taken as
valid for all β.
In addition there is the further condition that k must be less than d/2. This
is the point at which a zero eigenvalue first appears (for even d), i.e. the same
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limitation as in the scalar GJMS case. This is because the eigenvalues are indepen-
dent of the form order, p. (Only the degeneracy depends on p.) For this reason
operators with k = d/2 could also be deemed even more ‘critical’. For odd d, k can
be continued beyond d/2.
Most mathematical activity is concerned with even dimensional manifolds and
I concentrate on these here too.
3. The geometry
The simplest course would be to take the full sphere as the manifold but, in
order ultimately to discuss Re´nyi and entanglement entropies, I will, as in the earlier
works, take the q–deformed sphere. More precisely, I take a q–lune which doubles
up to make a periodic q–deformed sphere. The complete mode set is then obtained
by combining those for absolute and relative boundary conditions on the boundary
of the lune.
When q = 1, the lune is a hemisphere and the doubling gives the full round
sphere.
4. The calculation
The immediate aim is to calculate various coexact spectral invariants for the
critical operators. I will embed these in the more general coexact ones, (2), so that
the analysis in [2] can be drawn upon.
I will assume that, because of the Hodge decomposition, R(δ)⊕R(d)⊕N (d)∩
N (δ), the coexact quantities are spectrally sufficient. Then, for example, the total
p–form conformal anomaly is the combination,4
ζtot(0, p) = ζ
CE(0, p) + ζCE(0, p− 1) , (5)
aince one still has,
ζE(0, p) = ζCE(0, p− 1) ,
although there would be scaling considerations for the determinant.
It should be noted that the system here analysed is not quite the same as that
in [2] for which the relevant operator is δd for all allowed dimensions and form
4 This combination would ensure Hodge star duality in d dimensions for the anomaly. For the
zeta function, the scaling coefficients would have to be inserted.
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orders. The second order Branson operator, ∼ δd+α2− 1/4, depends explicitly on
the form order and manifold dimension. It could be looked upon as a ‘conformally
improved’ de Rham Laplacian because, for scalars (0–forms), it is the Penrose–
Yamabe operator, while δd is the minimal one. There is, however, agreement for
critical forms, and their duals.
Since I am presently interested only in the conformal anomaly the overall nor-
malisation of β/2 + k of the operator (2) plays no role and I will ignore it.5
The computation is given in [2,1] but I develope a few essentials here.6 The
important fact for the furtherance of the analysis is that B and C have linear
eigenvalues,
a+ 1 +m, m = 0, 1, 2, . . . ,
which can usefully be organised into an associated ζ–function,
ζ(s, a, p, q) ≡
∞∑
m=0
d(m)
(a+ 1 +m)s
, (6)
where d(m) is the degeneracy of the sphere eigenlevel labelled by m and depends
on the boundary conditions and p, d and q. The exact degeneracy can be obtained
from the coexact one by the replacement p→ p− 1.
The degeneracy is best encoded in a generating function which acts as a square–
root ‘heat kernel’ and allows the construction of the auxiliary ζ–function, (6), by
Mellin transform directly. The details are given in [2] and result in a linear combi-
nation of Barnes ζ–functions, ζd,
ζCEa (s, a, p, q) = (−1)p+1
d∑
r=p+1
(−1)r
[(
d− 1
r
)
ζd(s, a− p+ r | ω)
+
(
d− 1
r − 1
)
ζd(s, a− p+ r + q − 1 | ω)
]
,
(7)
where the vector, ω, stands for the d–dimensional set ω = (q, 1, . . . , 1).
Equation (7) is for absolute boundary conditions. Coexact duality gives the
relative case,
ζCEr (s, a, p, q) = ζ
CE
a (s, a, d− 1− p, q) ,
5 This would not strictly be so for the functional determinants but can be allowed for as a change
of scale involving the conformal anomaly and hence absorbed by renormalisation.
6 The general trend and much of the detail of the calculation are valid for even and odd dimensions
but I break up the analysis and just consider even dimensions here.
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which has to be added to the absolute expression in order to get the coexact p–form
value on the periodic (double) lune, which is the sphere when q = 1.
One can also subtract them and expect to get a quantity defined on the lune
boundary, a (d− 1)–sphere.
The expressions for more general spherical factorings have been given earlier,
under a different name, in [6] equns (23) and (24). In the case of the full sphere,
formulae and comments can also be found in [7].
The importance of ζ(s, a) is that it is thus readily evaluated, and that the
derivatives of the full ζ–function of L at s = 0 can be given in terms of it, as I now
briefly outline.
The eigenproblem for L
CE(p)
2k is solved by that for B and its ζ–function is given
by7,
Z(s, k, p, d) =
∞∑
m=0
k−1∏
j=0
d(m)
[(a+ 1 + αj +m)(a+ 1− αj +m)]s
.
A formal expansion, [8], in the αj allows one to find the value at zero as the average
Z(0, k, p, d) =
1
2k
k−1∑
j=0
(
ζ(0, a+ αj) + ζ(0, a− αj)
)
, (8)
and the derivative at 0 as the ‘corrected’ sum,
Z ′(0, k, p, d) =
k−1∑
j=0
(
ζ ′(0, a+ αj) + ζ
′(0, a− αj)
)
+ M(k) , (9)
where the polynomial M(k) could be termed a multiplicative anomaly, but is really
part and parcel of the evaluation. 8
These are my calculational expressions for the coexact ‘conformal anomaly’
and ‘effective action’ (up to divergences) in even dimensions. Apart from M , they
have the form of a linear sum over spectral quantities associated with each linear
factor in the product operator L
CE(p)
2k , (2).
Importantly, the GJMS sum over the αj parameters in (2) can be transferred
to the Barnes ζ–functions making up the auxiliary ζ–function, ζ(s, a, p, q). It is
instructive and computationally quickening to make the effect of this geometric
sum explicit at this stage by the relation, [1],
7 The factors of β/2± 1 in (2), (3) have now been discarded.
8 I have simplified the notation a little. The ζ–function on the right is that displayed in (7)
omitting ‘p, q’.
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k−1∑
j=0
(
ζd(s, a+ j + 1/2 | ω) + ζd(s, a− j − 1/2 | ω)
)
= ζd+1(s, a+ 1/2− k | ω, 1)− ζd+1(s, a+ 1/2 + k | ω, 1) ,
(10)
which converts the sum of k d–dimensional quantities into the difference of two
(d+ 1)–dimensional quantities in a holographic fashion.
Note that on the left of (10), k is an integer while the right allows an extension
off the integers. In particular, one can easily differentiate with respect to k.
5. The conformal anomaly
Doing the GJMS sum produces for the (absolute) coexact conformal anomaly
on the q–lune, (8) using (7),
k Za(0, k, p, d, q) ≡ Ca(p, d, q, k)
=
(−1)p+1
2
d∑
r=p+1
(−1)r
[(
d− 1
r
)
ζd+1(0, α+ 1/2 + k + r | ω, 1)
+
(
d− 1
r − 1
)
ζd+1(0, α− 1/2 + k + r + q | ω, 1)
]
− (k → −k)
=
(−1)p+d
2(d+ 1)!q
d∑
r=p+1
(−1)r
[(
d− 1
r
)[
B
(d+1)
d+1 (α+ 1/2 + k + r|ω, 1)
−B(d+1)d+1 (α+ 1/2− k + r | ω, 1)
]
+
(
d− 1
r − 1
)[
B
(d+1)
d+1 (d/2 + 1 + p− r − k | ω, 1)
−B(d+1d+1 (d/2 + 1 + p− r + k | ω, 1)
]]
,
(11)
in terms of generalised Bernoulli functions9, which are easily evaluated as polyno-
mials in q and k, and so can be extended off the integers. Particular examples are
given in the next section.
9 I have applied a transformation to the arguments of the last two in order to simplify the
q–dependence.
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6. Some results
The results are in much the same form as those displayed in [1]
I firstly present some examples for the absolute coexact conformal anomaly on
the single lune, (11), as bi–polynomials in k and q for given p and d.
Ca(1, 4, q, k) = −
k
240q
(
q4 + 10(1− k2)q2 + 40(k2 − 6)q − 6k4 + 20k2 − 11)
Ca(2, 4, q, k) = −
k
240q
(
q4 + 10(1− k2)q2 + 40k2q − 6k4 + 20k2 − 11)
Ca(1, 6, q, k) =
k
6048q
(
10q6 + 35(3− 2k2)q4 + 210(k2 − 1)(k2 − 4)q2
− 168(30k4 − 5k2 − 36)q + 60k6 − 630k4 + 1680k2 − 955)
Ca(2, 6, q, k) =
k
30240q
(10q6 + 35(3− 2k2)q4 + 210(k2 − 1)(k2 − 4)q2
− 252(3k4 − 25k2 + 12)q + 60k6 − 630k4 + 1680k2 − 955) .
(12)
The relative value can be obtained using Hodge coexact duality, that is by
sending p→ d−1−p. Added to the absolute value it gives the (coexact) conformal
anomaly on the doubled lune, i.e. on the q–deformed sphere. Subtraction yields,
Ca(p, d, q, k)− Cr(p, d, q, k) = (−1)d/2 k .
That this is independent of q reflects the fact that it is a quantity associated
with the boundary of the q–lune, which is a full (d− 1)-sphere.
Although not immediately enlightening, the formulae (12) do reveal the im-
portant fact that the coefficient of q vanishes when k is an allowed value, k < d/2.
This is a consequence of conformal invariance. It is also the case for scalars.
On the full sphere some values for CCE = Ca + Cr are,
CCE(1, 4, 1, k) =
k
60
(3k4 − 25k2 + 60)
CCE(2, 6, 1.k) =
k
3780
(15k6 − 294k4 + 1715k2 − 3780)
CCE(3, 8, 1, k) =
k
181440
(35k8 − 1350k6 + 17199k4 − 86100k2 + 181440) .
(13)
As a non trivial check, the corresponding results for the scalar 0–form agree
with those in [1].10
10 Allowance has then to be made for the zero scalar modes which are ‘missing’ from the coexact
spectrum. This amounts to the addition of a term k to C for all q. The factor of k arises because
the missing mode contributes 1 to Z(0) ∼ C/k.
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I pass on to the entanglement entropy (universal part of), and the derivative
with respect to q taken at the round limit q = 1. Higher derivatives in the complete
field theory would lead onto the central charges. I will later also re–express the
sphere coexact conformal anomalies, (13), more interestingly.
7. Entanglement entropy. Derivatives.
At this point, it is convenient to introduce the Re´nyi entropy, Sn, defined
generally by,
Sn =
nW (1)−W (1/n)
1− n , (14)
whereW (q) here is the effective action on the periodic q–lune. n = 1/q is the Re´nyi,
or replica, index. S1 is the entanglement entropy
11 and S′1 determines the central
charge, CT , [9].
In even dimensions, the universal component of Sn is obtained by substituting
the value ζ(0) for the effective action, W , in (14). ζ(s) is the spectral ζ–function of
the propagating operator on the conically deformed manifold.
At the round sphere (q = 1), the Re´nyi entropy equals the entanglement entropy
and this, as calculation shows, equals (minus) the conformal anomaly, kζ(0) = C
but only when k is an integer not above the larger critical limit i.e. k ≤ d/2.
An equivalent statement is that the conformal anomaly on the q–deformed
sphere is an extremum, as q varies, at the full sphere only for these non–supercritical
k integers. The same holds for scalar and Dirac fields, [1]. I give a few details for
present circumstances.
The derivative with respect to q can be calculated generally from (11) or in-
dividually from any particular expression.such as (12). The coexact result at the
round sphere is found to be,
∂
∂q
CCE(p, d, q, k)
∣∣∣∣
q=1
=
2
(d+ 1)!
(
d− 1
p
)(
(d/2)2 − k2) . . . . k2 .
Sending p→ p− 1 and adding gives the quantity for a free p–form (5),
∂
∂q
Ctot(p, d, q, k)
∣∣∣∣
q=1
=
2
(d+ 1)!
(
d
p
)(
(d/2)2 − k2) . . . . k2 .
These show an explicit vanishing only for the allowed values of k.
This property carries through to any quantity constructed linearly from coexact
ones.
11 I define the entanglement entropy by the replica trick.
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8. Alternative factorisation
For k integral, as it mostly has been so far, the product can be written as the
ratio of two Gamma functions, in a familiar way,
L
CE(p)
2k =
(β
2
+ k
)Γ(B + k + 1/2)
Γ(B − k + 1/2) , (15)
which permits continuation in k, in particular to k a half integer when the expression
again factorises, this time into a pseudo–operator,
L
CE(p)
2k =
(β
2
+ k
)
B
l∏
h=1
(
B2 − h2) . k ≡ l + 1/2 .
Lowest examples are
√
δd ,
√
δd+ 1 δd ,
√
δd+ 4 (δd+3)δd and should be con-
sidered as analogous to boundary or Neumann–Dirichlet operators.
Taking the critical condition 2k = d− 2p seriously suggests that these pseudo–
operators are relevant for coexact forms in odd dimensions.
Both factorisations are economically combined in the product, [3],
(β
2
+ k
) 2k∏
m=1
(
B − k +m) ,
where k is either an integer or a half–integer.
The R(d) operators can likewise be expressed
(β
2
− k)
2k∏
m=1
(
C − k +m) .
By continuation, conformal anomalies computed from these pseudo–operators
would agree with those displayed above, such as (13). Furthermore, we can investi-
gate how the spectral quantities vary as k varies, in particular the derivatives with
respect to k, an example of which follows.
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9. Plancherel form of the sphere conformal anomaly.
It is productive to consider the k–derivative 12 of the C quantities, e.g.,
∂
∂k
Ctot(p, d, q, k) ,
for the complete (free) p–form, (5), on the full sphere.
A slightly involved calculation reveals that this has a product structure which
can then be integrated to yield the more congenial expression, (β = d− 2p),
Ctot(p, d, 1, k) =
2(−1)d/2
d!
(
d
p
)∫ k
0
dt
1
(β/2)2 − t2
d/2∏
i=0
(i2 − t2) , (16)
which again exhibits the correct dimension of a free p–form and Hodge duality
(under which, β → −β). It agrees with known expressions for 0–forms, [11,12].
The integrand is (proportional to) the continuation of the coexact Plancherel
measure for p–forms on Hd+1, the Cartan dual of Sd+1, [13].13 A similar repre-
sentation holds also for spinors. The Plancherel measure plays a basic role in the
hyperbolic cylinder approach, [15].
Note that the product lacks the terms corresponding to critical forms, β = ±2t.
At these points the derivative takes the value (−1)p except for β = 0 (i.e. a zero
order operator) when it equals 2(−1)d/2.
Perhaps the representation (16) is not unexpected. A stiffer test would be the
corresponding evaluation of functional determinants in odd dimensions. This is not
attempted here.
10. The complete field theory ζ(0)
Having the single (coexact) p–form quantities, it is possible to assemble a
ghosts–for–ghosts sum to get the complete physical, gauge invariant p–form free
energy for the correct number of degrees of freedom, presumably
(
d−2
p
)
.
Assuming a standard Lagrangian formulation, I simply write down the Obukhov
construction in terms of the unconstrained quantities. These could be eliminated
12 Compare the AdS/CFT calculations of Diaz and Dorn, [10].
13 This integral occurs in the functional relation for Selberg ζ–function, [14].
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in favour of just the coexact ones, [16], but I won’t make use of this. (See the
Appendix.) The expression is, e.g. [17],
F(p, q, d, k) =
p∑
l=0
(−1)l(1 + l)F(p− l, q, d, k) , (17)
where F and F stand, generically, for free energies (that is for a conformal anomaly,
or for a functional determinant, or for an interpolation between these, if such is
possible).
This is my construction of the quantised theory. F is the gauge invariant,
‘physical’ free energy constructed out of the ‘geometric’, free–form quantity, F,
which is, in the case under discussion here, the conformal anomaly, Ctot.
The manifold could be the q–lune with absolute or relative boundary conditions,
but I consider just the q–deformed sphere for brevity.
As a preliminary, simple check, I remark that (17) reproduces the well known
conformal scalar anomalies on the sphere.
The end results are again rational functions of q and k for given p and d. I now
display some q–sphere conformal anomalies, and make some observations.
Taking the forms in 6 dimensions on the q–sphere, as typical, I find,
F(2, q, 6, k) = 1
5040
k
(
2q5 − 7(2k2 − 3)q3 + 42(k2 − 1)(k2 − 4)q)
− 1
90
k3(3k2 + 35) +
k
5040q
(12k6 − 126k4 + 336k2 − 191)
F(1, q, 6, k) = 1
7560
k
(
2q5 − 7(2k2 − 3)q3 + 42(k2 − 1)(k2 − 4)q)
− 1
180
k3(3k2 + 5) +
k
7560q
(12k6 − 126k4 + 336k2 − 191)
F(0, q, 6, k) = 1
30240
(
k(2q5 − 7(2k2 − 3)q3 + 42(k2 − 1)(k2 − 4)q)
+
k
30240q
(12k6 − 126k4 + 336k2 − 191) .
(18)
The coefficient of q is, generally,
1
2
∂2
∂q2
(
qF(p, q, d, k))
∣∣∣∣
q=0
=
1
6(d− 1)!
(
d− 2
p
) d/2−1∏
j=0
(k2 − j2) .
which exhibits the conformal vanishing at allowed k values.
12
One also sees in this particular formula evidence of the expected reduction in
propagating components. In fact, calculation produces for the top two components
the values,
F(d, q, d, k) = (d+ 2)k
F(d− 1, q, d, k) = (−1)pd k .
One might expect a physical Hodge duality, p→ d− 2− p, under which these two
components have no dual, and so should vanish, or have a topological or cohomo-
logical value.
More generally, calculation reveals that the Hodge ‘anomaly’ is,
F(p, q, d, k)−F(d− 2− p, q, d, k) = (−1)p 2k(p− d
2
+ 1
)
, (19)
antisymmetrical about the k = 1 critical value.
A similar circumstance occurs in the p-form calculations in [2] and more espe-
cially in [18]. Further analysis of Hodge duality is given in the Appendix justifying
(19). The paper [19] contains a more thorough investigation into duality and (19)
fits in with their results.
It is important to note that when k = 1, i.e. for a usual second order operator,
the texpressions (18) do not agree with those in [2] and [18] even in the critical case.
This should be expected since even if the basic p–form is critical, the ghosts are
not, having different operators in the two cases. I therefore list some numbers for
the conformal anomaly on the full sphere, for the present theory when k = 1 and
p = d/2− 1, the critical, conformal value, (p runs from 0 to 7), 14
Fhere
=
[
1
3
, −16
45
,
229
630
, −1042
2835
,
276929
748440
, − 45201643
121621500
,
108829363
291891600
, −121702602491
325641566250
]
.
(20)
These are to be compared with the corresponding values in [16] for p = 0 to
p = 7, copied 15 here for convenience,
Fstandard
=
[
1
3
, −31
45
,
221
210
, −8051
5670
,
1339661
748440
, −525793111
243243000
,
3698905481
1459458000
, −7576167103513
2605132530000
]
.
(21)
14 I also record some values on the present scheme for k = 2, (i.e. p = d/2 − 2), (14/45,
−326/945, 113/315,−171277/467775).
15 I have extended by the p=0 and p =7 values.
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It is remarkable that contact with these earlier results can be made by the
following observation.
It will be found that an alternating sum of critical values, (20),
F =
p∑
j=0
(−1)j F(p− j, 1, 2p+ 2− 2j, 1) , (22)
reproduces the standard ones, (21). Conversely, adding two adjacent values in (21)
yields a term in (20). I have no deep justification for this numerical fact. However,
it seems reasonable to generalise it by defining,
Fcrit(p, q, k)
∣∣∣∣
dequiv2p+2k
≡
p∑
j=0
(−1)j F(p− j, q, 2p+ 2k − 2j, k) , (23)
just for critical p–forms of a certain propagation order, 2k.
In the present calculational scheme, it is not possible to find Fcrit as a polyno-
mial in k. Case by case evaluation is needed. I list a few values on the full sphere
for p = 0 to p = 3, and k = 2 to k = 4,
Fcrit(p, 1, 2) =
14
45
,
124
189
,
137
135
,
645982
467775
Fcrit(p, 1, 3) =
41
140
,
437
700
,
1873
1925
,
466497
350350
Fcrit(p, 1, 4) =
3956
14175
,
56008
93555
,
725692
773955
,
493493584
383107725
.
I do not discuss these quantities any further at present. Lengthier comments
can be found in section 12 concerning (20) and (22).
For the full sphere, I have not succeeded in finding a form like (16) for the gauge
invariant conformal anomaly so I simply give a few of the resulting k–polynomials
F(1, 1, 4, k) = 1
90
k3(3k2 − 35)
F(2, 1, 4, k) = 1
180
k(3k4 − 5k2 + 360)
F(1, 1, 6, k) = 1
3780
k3(6k4 − 105k2 + 161)
F(2, 1, 6, k) = 1
1260
k3(3k4 − 63k2 + 518)
F(3, 1, 8, k) = 1
45360
k3(5k6 − 198k4 + 2709k2 − 19188) .
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11. Casimir energy on the Einstein cylinder
In earlier works, [20], [1], it was noticed that the coefficient of the 1/q term
in the free energy, F , (conformal anomaly) was minus twice the Casimir energy
of the field on the Einstein universe16 (generalised cylinder), T×Sd−1. A direct
confirmation of this in the present set up would provide evidence that the system
is consistent. This task will be undertaken at another time. For now, as a pre-
diction, I list some vacuum energies, E0(p, d, k), obtained on the basis of the above
correspondence,
E0(p, 4, k) = −
1
720
(
2
p
)
k(6k4 − 20k2 + 11)
E0(p, 6, k) = −
1
60480
(
4
p
)
k(12k6 − 126k4 + 336k2 − 191)
E0(p, 8, k) = −
1
3628899
(
6
p
)
k(10k8 − 240k6 + 1764k4 − 4320k2 + 2497) .
(24)
The scalar p = 0 values agree with those computed in [20]. Our present results verify
that the general p-form energies are simply weighted with the dynamical degrees of
freedom,
(
d−2
p
)
. Some graphs of the k–dependence are to be found in [20].
The p > 0 results do not agree with the existing ones, as anticipated. It would
be expected, however, that the critical values are related by (23), at least for k = 1,
the only case available up to now. To make this evident, I again give some numbers
for the critical forms calculated from, say, (24) at k = 1 (displayed for p = 0 to 6),
Ecrit0 =[
− 1
12
,
1
120
, − 31
10080
,
289
181440
, − 2219
2280960
,
6803477
10378368000
, − 3203699
6793113600
. . .
]
(25)
and quote an extended list of the corresponding ones, E0, given in [21], computed di-
rectly on the Einstein cylinder with standard ‘Maxwell’ theory. An efficient general
formula can be found in [20]. For p = 1 to 7, one has,
Ecrit0 =[
11
120
, − 191
2016
,
2497
25920
, − 14797
152064
,
92427157
943488000
, − 36740617
373248000
,
61430943169
621831168000
, . . .
]
(26)
16 Branson, [3], is mostly concerned with propagation on this.
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As before, an alternating sum of (25) yields (26) and the addition of two adja-
cent terms in (26) gives one in (25). Using this, the numbers in (26) can be extended
correctly to the left by −1/12 for p = 0 and 0 for p = −1 while (25) can be extended
to the right by 73691749/207277056000.
12. Comments and Conclusion
One aspect (the conformal anomaly) of a quantised field propagating according
to the Branson–Gover operators on the sphere has been investigated. Even for
second order propagation the results differ from the conventional ones for p > 0
because of the differing ghost system. Both the present theory and the conventional
one display the correct degrees of freedom,
(
d−2
p
)
.
Numerically it is observed that the two sets of values are simply related when
the forms are ‘critical’ i.e. when the derivative order, form order and dimension
satisfy 2k = d − 2p. This relation, (22), has the appearance of the sum involving
edge mode ‘corrections’ that yields, for example, the Maxwell entanglement entropy
as the conformal anomaly [19]. 17 Why this should be is not entirely clear.
The numbers (20) agree with those in Table 2 of [15]. They show that both
theories deliver the entanglement entropy devoid of any corrections.
The numbers for any p in [15] were constructed using just the coexact forms,
as an extrapolation from the detailed gauge calculations for p = 2.
Also in connection with the hyperbolic approach in [15], it seems that the
Branson operators, for k = 1, saturate the Breitenlohner–Freedman bound.
A clean mathematical result is that the unconstrained p–form conformal anomaly
on Sd can be expressed as an integral over the (continued) Plancherel measure for
coexact p–forms on the odd hyperbolic space, Hd+1, indicating connections with a
form Selberg ζ–function, [14].
It is also shown that the entanglement entropy for the sphere equals minus the
conformal anomaly, technically because the conformal anomaly on the q–deformed
sphere is an extremum at the round value, q = 1, (but only for allowed values of k).
For brevity, I have not extended the analysis beyond that involving the first
derivatives with respect to q.
Further investigations include finding the functional determinants in odd di-
mensions where one would want to discuss bounded manifolds like the hemisphere
in more detail.
17 A similar interpretation of the relation between the Casimir energies is not so obvious.
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Appendix. Duality
There is some general interest in the validity of Hodge duality. In the present
situation a simple analysis can be given starting from the ghost sum, (17), as in
most other treatments, including the historic ones. For variety, I use the alternative
formulation in terms of the coexact quantities on the q–lune, [16],
Fb(p) =
p∑
l=0
(−1)p+lFbCE(l) + (−1)p (p+ 1)kδbr (27)
and have dropped the inessential arguments, d, q, k.
The final term is a zero mode effect which exists only for relative conditions,
b = r.
One makes the duality replacement p → d − p − 2 in this expression and, to
begin with, I add the absolute and relative values so that the system is a p-form
on the periodic lune. To make the notation more streamlined for this discussion, I
denote the single lune byM and its periodic double by 2M. In terms of ζ–functions,
the relation is,
ζ(2M, p) = ζa(M, p) + ζr(M, p)
= ζa(M, p) + ζa(M, d− 1− p) .
Evaluating at 0, the ghost sum then reads,
F(2M, p) =
p∑
l=0
(−1)p+lFCE(2M, l) + (−1)p (p+ 1)k
= (−1)d−1
d−1−p∑
l=d−1
(−1)p+lFCE(2M, l) + (−1)p (p+ 1)k ,
(28)
on redefining l and using coexact a ↔ r duality i.e. FCE(2M, l) = FCE(2M, d −
1− l). This is an identity.
Now set p→ d− 2− p in the second term to get
F(2M, d− 2− p) = −
d−1∑
l=p+1
(−1)p+lFCE(2M, l) + (−1)p (d− 1− p)k
so that the difference in Hodge duals is,
F(2M, p)−F(2M, d− 2− p) =
d−1∑
l=0
(−1)p+lFCE(2M, l) + (−1)p (2p+ 2− d)k
= (−1)p2(p+ 1− d/2)k
17
which is the value in the main text.
For the more general single q-lune with boundary conditions, a similar manip-
ulation reveals the Hodge dual relation,
Fa(M, p)− Fr(M, d− 2− p) = −(−1)p(3d/2− 1− p)
Also,
Fa(M)− Fr(M) = −(−1)p2(p+ 1) + δpd
Therefore one arrives at the curiously asymmetric Hodge–like dualities,
Fr(M, p)−Fr(M, d− 2− p) = (−1)p(2p+ 2− (3d/2− 1− p))k
= 3(−1)p(p+ 1− d/2)k − kδpd
and
Fa(M, p)− Fa(M, d− 2− p) = −(−1)p(p+ 1− d/2)k + kδpd
Fr(M, d− 2− p)− Fr(M, p) = 3(−1)d−2−p(d− 2− p+ 1− d/2)k
= 3(−1)p(d/2− 1− p)k
These relations give the particular values when p = d− 1 and p = d.
References.
1. Dowker,J.S. Re´nyi entropy and CT for higher derivative scalars and spinors on
even spheres,ArXiv:1706.01369.
2. Dowker,J.S, Re´nyi entropy and CT for p-forms on even spheres,ArXiv: 1706.
04574.
3. Branson,T. J.Func.Anal. 74 (1987) 199.
4. Branson,T. and Gover,A.R. Comm.Partial Diff.Equns 30 (2005) 1669.
5. Fischmann,M. and Somberg,P., J.Gen.Lie Th.Appl.11 (2017) 256, ArXiv: 1508.
01511 [math.DG].
6. Dowker,J.S. p–forms ond–spherical tessellations, J. Geom. and Phys. (57)
(2007) 1505, ArXiv:math/0601334.
7. Dowker,J.S. and Kirsten, K. Spinors and forms on the ball and the generalised
cone, Comm. in Anal. and Geom. 7 (1999) 641, ArXiv:hep–th/9608189.
8. Dowker,J.S. Effective action on spherical domains, Comm. Math. Phys. 162
(1994) 633, ArXiv:hep-th/9306154.
18
9. Perlmutter,E. A universal feature of CFT Re´nyi entropy JHEP 03 (2014) 117.
ArXiv:1308.1083.
10. Diaz,D.E. and Dorn,H. Partition functions and double trace deformations in
AdS/CFT, JHEP 0705 (2007) 46.
11. Diaz,D.E. Polyakov formulas for GJMS operators from AdS/CFT, JHEP 0807
(2008) 103.
12. Dowker,J.S. Determinants and conformal anomalies of GJMS operators on
spheres, J. Phys. A44 (2011) 115402.
13. Camporesi,R. and Higuchi,A. J.Geom. and Physics 15 (1994) 57.
14. Kurokawa,S, Gamma Factors and Plancherel Measures, Proc.Jap. Acad. 68
(1992) 256.
15. David,J.R. and Mukherjee,J. Hyperbolic cylinders and Entanglement entropy:
gravitons, higher spins and p–forms., ArXiv:2005.08402.
16. Cappelli,A. and D’Appollonio, G. Phys. Lett. 487B (2000) 87.
17. Copeland,E. and Toms,D.J. Class. Quant. Grav. 3 (1986) 431.
18. Raj,H. A note on sphere free energy of p–form gauge theory and Hodge duality,
Class. Quant. Grav. 34 (2017) 247001, ArXiv:1611.02507.
19. Donnelly.W, Michel,B. andWall,A.C. Electromagnetic duality and entanglement
entropy, ArXiv:1611.0592.
20. Dowker,J.S. Revivals and Casimir energy for a free Maxwell field (spin-1 sin-
gleton) on R× Sd for odd d, ArXiv:1605.01633.
21. Giombi,S. Klebanov,I.R. and Tan, Z.M. The ABC of Higher–Spin AdS/CFT.
Universe 4 (2018) 1, ArXiv:1608.07611.
19
